Lecture 22 . Eigeﬂvecwm and e‘lae\nva\ues

DL\C Let A be an nxn matrix.
) A nonzero vector Ve R" with AV=)NV for some helR is called

an  eigenvector of A with e'lgeﬂvo\u\e A

gl
e

= V is an eigenvector of A with eigenvalue 5.

() For an eigenvolue A of A, the space Nul(A=XT) is called the

A~eigenspace of A

Note While an eigenvector must be nonzero, an eigenvalue may be zero.

Thm A square wotrix A hos on eigenvalue \ & det (A=AL)=0
pf A hos an eigenvalue )

= AV=XV for some nonzero vector VelR'
<= (A-X\L)JV=T for some nonzero vector Ve R
& Nul(A-AT) is not zero
& RREF(A-AT) hos a column without o leading 1
& RREF(A-MT)*I
< RREF(A-AL) is not invertible
= det(A-AT)=0

Note The A-eigenspace Nul(A=XL) consists of o zero vector ond the

eigenvectors of A with eigenvalue \.



EZS Consider the matrix

5 -6 -6
A=|-14 2
3-6-4

() Determine whether the vector

X

is oan eigenvector of A.

o P o

SUNN

Sol We have
5-6-61|2 -2
Ad=|-14 2(l3]|=]|8
3-6-4||-1] |-8

which is not o multiple of W.

= U is ‘V\OJF an eigenvector of m

(2) Determine whether the vector

£

is an eigenvector of A.

Sol  We have

5-6-6||3] |3
AV=|-14 2 |[-1|=]-1|=V
3-6-4113] |3

= Vs ‘cm eigenvector of A [ with eigenvolue ”‘




(3) Determine whether A=2 is an eigenvalue of A

Sol  We have
5 -6 -6 | OO 3 -6 -6
A—2T=[-14 2|-2l0 1 0|=|-122
3-6-4 O O | 3 -6 -6
= det (A-2T)=0

= A=2 is \QV\ eigenvalue of M

4) Determine whether /uza S an eigenvalue of A

Sol  We have

5 -6 -6 | O O -6 -6
A-3T=|-14 2|-3]0 | Of|=[-11 2
%-6-4 00 | % -6 -F

= det (A—3T)=-2%0

N

= M=3 s ‘noJr an eigenvalue of Fﬂ

(5) Find on eigenvalue of A
Sol A hos an eigenvalue A=2 as seen in (3).

Toke an eigenvector w of A with eigeﬂva\ue A=2

= AW=AAAW=AA2W) =2AP\HW =2A(2W) =2-2A\W :2%-2W =8W
1
oW oW oW 2°

= W is on eigenvector of A with eiaemva\ue

Note In genem\, A" has an ejgenvakue X' [with W as an e‘naeﬂveﬁor)



(6) Find a bosis of the 2-eigenspace
Sol The 2-eigenspace is Nul(A=21).

To find o bosis, we solve the e%uaﬁon (A-21)X =7
3 -6 -6 D=2 -2
A-2T1=|-1 2 2| = RREF(A-2I)=|0 O ©
3 -6 -6 O O O
= X —2X—2X3=0 = X = 2%, +2X%s

Set X.=5 and Xs=t [free variobles )

= | X |=| S =s| 1 |+t]oO
Xs t o) |
2 2
= A bosis of Nul(A=21) is given by HI:‘, |io}
O |

Note Any nonzero linear combination of these bosis vectors yields

an  eigenvector of A with eigenva\u\e 2



